Abstract-This paper studies stability analysis of DC microgrids with uncertain constant power loads (CPLs). It is well known that CPLs have negative impedance effects, which may cause instability in a DC microgrid. Existing works often study the stability around a given equilibrium based on some nominal values of CPLs. However, in real applications, the equilibrium of a DC microgrid depends on the loading condition that often changes over time. Different from many previous results, this paper develops a framework that can analyze the DC microgrid stability for a given range of CPLs. The problem is formulated as a robust stability problem of a polytopic uncertain linear system. By exploiting the structure of the problem, we derive a set of sufficient conditions that can guarantee robust stability. The conditions can be efficiently checked by solving a convex optimization problem in polynomial time. The effectiveness and non-conservativeness of the proposed framework are demonstrated using a simulation example.
I. INTRODUCTION
A DC microgrid is a distribution level DC power network formed by interconnections of DC sources and loads. The connection between DC components simplifies the integration of distributed generations and reduces inefficient power conversions. With advanced power electronic devices, many loads in a DC microgrid can be modeled as constant power loads (CPLs). The CPLs are nonlinear loads and exhibit a negative impedance V-I characteristic which could cause dangerous instability in a DC microgrid [1] .
The DC microgrid stability issue has been studied in the literature. One difficulty of the study is the nonlinearity introduced by the CPLs. To tackle the nonlinearity, both small signal and large signal approaches have been employed. They focus on the stability of DC microgrids around certain given equilibria based on some nominal values of the CPLs. The small signal approaches linearize a DC microgrid at some predetermined equilibria and then determine the stability of the resulting linearized system by utilizing Nyquist stability criteria [2] or analyzing the eigenvalues of the linearized system matrix [3] . The large signal methods approximate the nonlinear DC microgrid system with linear systems and study the region of attraction around some given equilibria [4] , [5] . For example, in [5] , fuzzy modeling method is adopted to approximate the nonlinear system with a series of linear systems. The region of attraction is estimated iteratively by exploiting the Lyapunov method for stability.
Despite the rich literature about DC microgrids, existing works have three limitations. First, existing stability analysis methods are based on a fixed equilibrium and require to know its exact value a priori. However, in real microgrid applications the loading conditions are usually uncertain [6] , which makes the equilibria unknown. Second, existing works mostly consider single-bus DC microgrids [3] . It is unclear how the proposed methods can be extended to more general topologies that often arise in real applications [7] , [8] . Third, many methods proposed in the literature are ad hoc in nature and specific to a particular application scenario [3] , [5] . There lacks a systematic method to analyze the stability of the closed loop system, especially when uncertain CPLs and general topology are considered.
In this paper, we study the robust stability of a general DC microgrid with uncertain CPLs. We assume that the CPL on each bus may take arbitrary values within a given interval. As a result, the CPL vector of the overall microgrid lies in a polytopic uncertainty set. Different CPL vectors in the uncertainty set may lead to different system equilibria. We call the system robustly stable if all the resulting equilibria are locally exponentially stable. We show that checking the locally robust stability of a general DC microgrid can be formulated as a robust stability analysis problem of linear systems with polytopic uncertainties on system matrices. Directly applying existing stability results on linear uncertain systems [9] , [10] results in stability conditions that are computationally challenging or overly conservative. For the DC microgrids, the uncertainty lies in the diagonal entries of the system matrix. We take advantage of this special structure and propose a set of sufficient conditions that can be efficiently checked to guarantee robust stability. The conservativeness issue is also discussed in the paper and a method to reduce the conservativeness is proposed. The proposed robust stability framework also provides useful insights for DC microgrids operations.
The rest of the paper is organized as follows, Section II presents the modeling method of DC microgrids, Section III states the problem and shows the robust stability framework, Section IV uses two simulation studies to verify the main results, and Section V concludes the paper and discusses future research directions.
II. GENERAL DC MICROGRID MODELLING
In this paper, we consider an n-bus DC microgrid illustrated in Fig. 1 . To simplify discussion, we assume that there is one controllable voltage source and one constant power load (CPL) on each bus. The equivalent circuit model of the k-th bus is depicted in Fig. 2 . In this section, we will first develop a dynamic model for the k-th bus, and then construct the overall dynamic model for the entire microgrid. Note that the modeling method can be easily extended for DC microgrids with multiple (resp., none) sources or loads on one bus. We assume that each bus has one controllable voltage source with standard V-I droop control [3] . Let v k and i sk be the terminal voltage and output current of the source, respectively. The source connects with the rest of the microgrid through a resistor and an inductor. The current i sk is the state variable for the source. The dynamics of i sk is given by,
where L sk , r sk are the source inductance and resistance, v bk is the voltage of the k-th DC bus, v ref k and d k are the droop reference and droop gain, respectively. Here, we have ignored the internal dynamics of the power electronic devices, which is a standard assumption for microgrid stability and control problems [11] .
2) CPL: The load is a CPL and is modeled as a current sink whose current injection is given by the CPL power divided by the CPL voltage. The CPL is connected with the microgrid through an equivalent RLC interface. Let i lk and v lk be the current injection into the interface and the terminal CPL voltage, respectively. The CPL voltage v lk equals the voltage across the capacitor in parallel with the CPL. The current i lk flows from the DC bus capacitor and feeds the load through an inductor and a resistor. Here, v lk and i lk are two state variables for the CPL. The dynamics of the state variables are given by,
where L lk , r lk , C lk are load inductance, resistance, and capacitance, and p k is the power of the CPL. In (2), the current injection into the current sink is p k /v lk , making the power injection to the current sink to be p k . We assume that p k is uncertain and may take any value in the interval
One can see that the CPL introduces an additive nonlinear term p k /v lk in (2).
3) DC Link Capacitor: The DC bus voltage of the kth bus, v bk , is the voltage across the DC link capacitor. It is determined by the source current, the load current, and the transiting currents between the neighboring buses. The DC bus voltage, v bk , is the state variable for the DC link capacitor, and its dynamics are given by,
where N k denotes the set of indices of all the neighboring buses of k, C bk and r kj are the k-th bus's DC link capacitance and the resistance of the transition line between the k-th and j-th buses, respectively. It is worth pointing out that N k is determined by the system topology. 4) n-bus DC Microgrid: We now combine the individual models of the sources, CPLs, and the DC link capacitors on all the n buses to obtain the overall model of the DC microgrid.
Let vectors i x , v x ∈ R 2n , and p, v, v ref ∈ R n , store all the source and CPL currents, DC bus and CPL voltage, load power, source voltage, and droop references, respectively, they are given as follows,
In addition, define a vector x ∈ R 4n and a nonlinear function
The vector x stores all the current and voltage states of all the components, and the non-linear function h(p, x) contains the additive nonlinear terms in (2) . Let D k ∈ R 4n×4n denote a matrix such that only its k-th diagonal entry is non-zero and is 1.
With the above notation, the overall microgrid dynamics can be written in the following compact form:
where the matrices A 0 , A ∈ R 4n×4n , B ∈ R 4n×n , and C ∈
. The matrix A 0 and A are the system matrices of the open loop and the closed loop systems, respectively. Remark 1. In deriving the microgrid model (4), we have adopted a commonly used resistive transmission line model [11] . The modeling method can be easily applied to other transmission line types. For example, regarding transmission line Π-model [12] that has an equivalent capacitor on each end of the line, the capacitors are in parallel with the DC bus link capacitors and can be directly combined with them. Hence, the resulting model is still in the form of (4) with modified C bk parameters. For Π-model with equivalent line inductance [12] , another state that represents the line current can be added. It will also result in a microgrid model similar to (4) with increased state dimension.
Remark 2. Recently, some distributed controllers have been proposed to replace the V-I droop controllers for DC microgrids [13] - [15] . The modeling method presented in this paper and the corresponding stability results can be easily extended to DC microgrid with these distributed voltage source controllers.
III. ROBUST STABILITY FRAMEWORK

A. Robust Stability under Uncertain CPLs
The stability analysis of system (4) is crucial for DC microgrid applications since the CPLs might cause instability. In this paper, the uncertain CPL power p is assumed to be operationally bounded in a polytopic set P defined as follows,
where the bounds can be determined by the power limits of each components.
We aim at analyzing the stability of system (4) with uncertain p ∈ P. The challenge of the analysis lies in that the equilibria of the system are difficult to find. With n CPLs, one needs to solve n quadratic equations to obtain the equilibria of system (4). In general, there are 2 n solutions and there are no general results to determine which one is the actual equilibrium the system will converge to. Furthermore, the solution of the equations changes with respect to p. When uncertainty is involved, the solution is at least analytically intractable.
Due to the lack of a predetermined equilibrium, we study the stability of all the possible equilibria that are feasible for the microgrid. For a vector p ∈ P, let x e ∈ R 4n be an equilibrium of system (4) . At x e , let the steady state voltage of the k-th CPL be v T . In microgrid operations, there are limits for the deviations of the steady state voltage from the nominal values [16] . Here, we assume that the voltage vector has to lie inside a known constraint set V e l in the following form,
notice that these bounds can be obtained from microgrid operation guide [16] . As p varies in P, x e changes accordingly. Some equilibria might not be operationally admissible by the circuit. We thus focus on the following set of equilibria whose corresponding voltage lies in V e l ,
The above defined locally robust stability is not exactly the same as the definition used in the classical robust control literature [10] . In classical robust control, the robust stability is defined as the stability of one predetermined equilibrium in the presence of bounded uncertainty. Seeing that such an equilibrium is not available for DC microgrids with uncertain CPLs, we study the equilibria lying in X e (P, V e l ).
B. Robust Stability Analysis
A robust stability framework is proposed in this paper. We derive sufficient conditions to guarantee the locally robust stability of system (4). Computationally efficient convex optimization problems are formulated to facilitate the analysis.
Let x e be an arbitrary equilibrium in X e (P, V e l ). Linearizing system (4) around x e yields,
where z ∈ R 4n is the state variable of the linearized system, A z ∈ R 4n×4n is the linearized system matrix, and
2 ), which is obtained by linearizing the k-th entry of h(p, x) at x e , δ k is a random variable, and it is bounded by the interval
2 ). The system matrix A z is an uncertain matrix, and it belongs to a set A z defined as follows,
The set A z is a polytopic set, and it has 2 n vertices. Let the matrix A v j be the j-th vertex of the set A z . It can be written in the form:
Recall that a matrix is called Hurwitz stable if all of its eigenvalues have negative real parts. Given a CPL uncertainty set P and a voltage constraints set V e l , all the possible equilibria lie inside X e (P, V e l ). Therefore, system (4) is robustly stable if all the matrices in A z are Hurwitz stable.
However, there are infinitely many elements in the set A z , making it unable to use the method of exhaustion. Instead, we show a tractable sufficient condition to ensure this by making use of the vertices.
Remark 3. Notice that any A z ∈ A z can be expressed as a convex combination of the vertices of the set. Using the main results in [17] , A z is Hurwitz stable. By virtue of Lemma 1, only finitely many linear matrix inequalities (LMIs) need to be checked to determine the locally robust stability of system (4). Even though LMIs can be checked efficiently, when n is nontrivial the computation burden could still be huge. This limits the applicability of Lemma 1 for general DC microgrid stability analysis. This limitation can be eliminated by making use of the special structure of the matrix A z . Since the nonlinearity in (2) only exists in the differential equation of v lk and only relates to v lk , each random variable δ k lies on one diagonal entry of A z . We take advantage of this structure and transform the condition from checking 2 n LMIs to solving a convex optimization problem whose complexity does not increase with n.
Let a matrix A z ∈ A z be the element-wise maximum of all the matrices in A z , i.e. it is given by
Let the largest value of all δ k , k = 1, · · · , n, be δ max . It is worth pointing out that A z and δ max are deterministic and can be obtained easily. In addition, let the difference between A z and A 
T P be denoted by Q j for simplicity.
Lemma 2. System (4) is robustly stable if ∃P = P T 0, γ > 0, and t > 0 such that the following optimization problem is feasible,
Remark 4. The proof of Lemma 2 can be found in the Appendix of [18] . Instead of checking the 2 n LMIs given in Lemma 1, the condition derived in Lemma 2 allows us to verify the locally robust stability by checking only one set of LMIs. The price we pay for such a complexity reduction is the increased conservativeness. In other words, there can be robustly stable microgrids that satisfy the conditions in Lemma 1, but fail to satisfy the condition in Lemma 2.
The conservativeness can be reduced when we directly focus on the smallest eigenvalue of each matrix Q j in the program by introducing constraints such as −γI 4n ≺ Q j , j = 1, · · · , 2 n . Nevertheless, this again increases the computational complexity by adding another 2 n constraints. We next show that this can be accomplished by adding only a polynomial number of constraints.
To simplify notation, we define a matrix 
Proof. Since Q j is symmetric, its smallest eigenvalue is given by min y T y=1 y T Q j y. From Lemma 2, we need to show that min y T y=1 y T Q j y > −γ 0 . The matrix Q j can be expressed in terms of G k and ∆δ k as follows,
Notice that for symmetric matrices S 1 and S 2 , by Weyl's inequality the following inequality holds,
Therefore, from equation (9) the smallest eigenvalue of Q j is lower bounded by a linear combination of the smallest eigenvalue of G k with coefficient ∆δ k . Since δ max · G k (γ k − η k )I 4n , the smallest eigenvalue of G k is greater or equal to (γ k − η k )/δ max . From inequalities (9) and γ k > 0,
, thus, the smallest eigenvalue of Q j is smaller than −γ 0 , and this completes the proof. Proposition 1 directly uses the smallest eigenvalues of the matrices, which can potentially reduce conservativeness. In addition, the number of constraints in convex problem (8) grows polynomially with respect to the number of buses, n. This makes the condition numerically more tractable than methods like Lemma 1.
C. Discussion on Critical Case
Lemma 2 and Proposition 1 provide two sufficient conditions to determine the locally robust stability of system (4) . In this subsection, we show that they are based on a critical case where the parameter uncertainty reaches the extreme values. From Lemma 2 an A z -critical case can be identified. Checking the feasibility of problem (7) only requires to know the matrix A z and its element δ max . Both of them are deterministic and can be obtained easily. It is convenient to perceive that A z is the linearized system matrix of the DC microgrid in a scenario where each CPL's power reaches the upper bound and each CPL's steady state terminal voltage reaches the lower bound. This scenario is termed A z -critical case. Notice that the case is not necessarily realizable, but it provides useful implications for practical applications.
The critical case not only reduces the computational complexity for stability analysis but also exempts the need to check the stability conditions in some circumstances. Specifically, the critical case depends on loading conditions. Generally, when the critical case changes, previous conclusions made by Lemma 2 or Proposition 1 no longer hold, and one has to check the conditions again. In some special cases, these efforts can be saved.
Let the critical system matrix after change beÂ z . Suppose that the upper bound for δ k is changed toδ k such thatδ k ≤ δ k , k = 1, · · · , n. The linearized system matrix, A z , of the modified microgrid lies in a setÂ z defined as follows,
Note that the lower bound for δ k is zero, meaning thatÂ z includes situations where the CPL power is chosen from [0, p k ] and the steady state CPL voltage is greater than v e lk . Corollary 1. Any matrix A z ∈Â z is Hurwitz stable if optimization problem (7) or (8) with A z are feasible.
Remark 5. The proof is similar to that of Lemma 2 or Proposition 1, thus it is omitted here. Corollary 1 gives a necessary condition for problem (7) to be feasible for the A z -critical case. It shows the conditions when the repetitive efforts of checking Lemma 2 can be saved when changes in the CPLs are made by comparing the critical cases. As a simple test, when the subtraction of the critical case system matrices A z −Â z gives an element-wise non-negative matrix, the linearized system matrix of the modified DC microgrid, A z , belongs toÂ z . When Lemma 2 holds for the original system, the modified system is robustly stable as well.
The key to make the condition satisfied is to make sure δ k not increased. An intuitive attempt to do so is to make the CPL capacitor, C lk , to be larger, or we can decrease the power ratings of the CPLs. In addition, even if p k is increased, by enabling larger v e lk , the condition can still be satisfied. This gives rise to a DC microgrid design insight such that a higher level of the steady state load voltage is helpful for the stable operation of DC microgrids. It is in aline with the common intuition that a higher level of voltage in the DC microgrid is helpful for stability [19] .
IV. CASE STUDY
In this section, we demonstrate the effectiveness of the proposed framework in Section III. The tests are based on a five-bus DC microgrid illustrated in Fig. 3 . Suppose that conventional V-I droop control is used for the sources. The specifications of the parameters are shown in [20] . Notice that any other simulation and convex optimization tools can be used for the case studies. We validate Proposition 1 and shows that it has less conservativeness. In this case study, the load power p k varies in the range [0,25kW] .
Firstly, the droop gains d 1 and d 2 are set to be 0.15. CVX results show that optimization problem (7) does not have a solution, but optimization problem (8) is feasible. By Proposition 1, the DC microgrid is still robustly stable. To verify this, we make both load power increase from 1kW to 25kW and plot the load power as well as the DC bus voltage of bus 1 in Fig. 4 . One can find that the DC microgrid also remains stable. This shows that Proposition 1 possesses less conservativeness.
Secondly, we set the two droop gains to 0.05 for further illustration. Optimization problem (8) is shown to be unfeasible by CVX. This infeasibility is not caused because the program fails to find a solution for a stable system, but because the system is indeed unstable. We conduct the simulation with both load power increases from 1kW to 25kW. The results are depicted in Fig. 5 . One can see that the system becomes unstable when the load power is around 20kW.
When improper droop gains are chosen, the DC microgrid cannot be robustly stable. There are hidden thresholds for the choice of the droop gains [2] , and a small variance could lead to unacceptable instability. From this case study, the droop gain being 0.15 can be seen as a lower bound for the choice. Proposition 1 sorts out this value, and this demonstrates its non-conservativeness. 
V. CONCLUSION
This paper studies stability analysis problem of a general DC microgrid with uncertain CPLs. When uncertainties are considered in the DC microgrid, the equilibria of the system are difficult to find. Due to the lack of predetermined equilibria, existing results cannot be applied. A robust stability framework is proposed in the paper where a set of sufficient conditions are presented. Computationally efficient convex problems are formulated to facilitate the analysis. The main results in this paper can be extended to help DC microgrid design and operation. We use a case study to demonstrate the effectiveness of the results. For future research, we will further study the conservativeness issue in the conditions and the control synthesis for stabilization.
